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COURSE: THEORETICAL MECHANICS (MA 278)  
 

ASSIGNMENT 1  

1. Prove that the total external torque on a system of particles is equal to the time rate of 

change of the angular momentum of the system, provided the internal forces between 

the particles are central forces.  

2. Show that the force field F defined by 𝑭 = (𝑦2𝑧3 − 6𝑥𝑧2)𝒊 + (2𝑥𝑦𝑧3)𝒋 + (3𝑥𝑦2𝑧2 − 6𝑥2𝑧)𝒌 

is a conservative force field.  

3. A mass of 5000kg moves on a straight line from a speed of 540km/h to 720km/h in2 

minutes. What is the impulse developed in this time?  

4. A particle of mass 2 moves in a force field depending on time t given by 𝑭 = 24𝑡2𝒊 + 

(36𝑡 − 16)𝒋 + 12𝑡𝒌. Assuming that at 𝑡 = 0 the particle is located at 𝑟0 = 3𝒊 − 𝒋 + 4𝒌 

and has a velocity𝑣0 = 6𝑖 + 15𝑗 − 8𝑘, find the     

(a) velocity  

(b) position at any time t  

(c) torque  

(d) angular momentum about the origin for the particle at any time t.      

                                                                       ANSWER       

1. The moment of force or torque about the origin 𝑂 is   

Λ = 𝑟 × 𝐹 ………….. 1   

𝑑 

where 𝐹 =  (𝑚𝑣) ………….. 2  

𝑑𝑡 

substitute eqn 2 into eqn 1  

𝑑 

Torque, Λ = 𝑟 ×  (𝑚𝑣) ………….. 3  

𝑑𝑡 
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Also, the angular momentum or moment of momentum about O is,  

Ω = 𝑚(𝑟 × 𝑣) = 𝑟 × (𝑚𝑣)  

 𝑑Ω 𝑑 

 Now we have,  = 𝑟 ×  (𝑚𝑣) ………….. 4  

 𝑑𝑡 𝑑𝑡 

substitute eqn 4 into eqn 3  

𝑑Ω 

Torque, Λ =   as required.  

𝑑𝑡 

  

2. Given that, 𝑭 = (𝑦2𝑧3 − 6𝑥𝑧2)𝒊 + (2𝑥𝑦𝑧3)𝒋 + (3𝑥𝑦2𝑧2 − 6𝑥2𝑧)𝒌   

To show the force, F is conservative force field. The force field F is conservative if and 

only if  𝑐𝑢𝑟𝑙 𝐹 = ∇ × 𝐹 = 0   

 𝑑 𝑑 𝑑 

 Now, ∇= 𝑖 +  𝑗 + 𝑘  

 𝑑𝑥 𝑑𝑦 𝑑𝑧 

 × 𝐹 = | 𝑑𝑥  𝑑𝑦  𝑑𝑧  |  

𝑦2𝑧3 − 6𝑥𝑧2 2𝑥𝑦𝑧3 3𝑥𝑦2𝑧2 − 6𝑥2𝑧 

  

 𝑑 𝑑 𝑑 𝑑 

 𝑖 [  (3𝑥𝑦2𝑧2 − 6𝑥2𝑧) −  (2𝑥𝑦𝑧3)] − 𝑗 [  (3𝑥𝑦2𝑧2 − 6𝑥2𝑧) −  (𝑦2𝑧3 − 6𝑥𝑧2)] 

 𝑑𝑦 𝑑𝑧 𝑑𝑥 𝑑𝑧 

+ 𝑘 [ 𝑑 (2𝑥𝑦𝑧3) − 𝑑 (𝑦2𝑧3 − 6𝑥𝑧2)]  

 𝑑𝑥 𝑑𝑦 

  

 × 𝐹 = 𝑖[6𝑥𝑦𝑧2 − 6𝑥𝑦𝑧2] − 𝑗[3𝑦2𝑧2 + 12𝑥𝑧 − 3𝑦2𝑧2 + 12𝑥𝑧] + 𝑘[2𝑦𝑧3 − 2𝑦𝑧3]  

 × 𝐹 = 0 − 0 + 0 = 0  

Hence the force, F is a conservative force.  

  

3. Given mass, 𝑚 = 5000𝑘𝑔 and speed 𝑣1 = 540𝑘𝑚/ℎ  and 𝑣2 = 720𝑘𝑚/ℎ  

Assume that the mass travels in the direction of the positive 𝑥 − 𝑎𝑥𝑖𝑠 in the 𝑚/𝑠 system.  

 𝑘𝑚 540𝑖 × 1000𝑚 

𝑖 𝑗 𝑘 

𝑑 𝑑 𝑑 



 𝑣1 = 540𝑖 =   

 ℎ𝑟 3600 𝑠𝑒𝑐 

𝑣1 = 1.5 × 102𝑖 𝑚/𝑠  

  

Also,   

 𝑘𝑚 720𝑖 × 1000𝑚 

 𝑣2 = 720𝑖 =   

 ℎ𝑟 3600 𝑠𝑒𝑐 

𝑣2 = 2.0 × 102𝑖 𝑚/𝑠  

Impulse = 𝑚(𝑣2 − 𝑣1)  

= 5000 × (2.0 × 102𝑖 − 1.5 × 102𝑖 )𝑚/𝑠 × 𝑘𝑔  

= 5000𝑘𝑔 × 0.5 × 102𝑖 𝑚/𝑠  

Impulse = 2.5 × 102𝑖 𝑛𝑒𝑤𝑡𝑜𝑛 𝑠𝑒𝑐 in the positive 𝑥 direction.  

  

4. Given mass 𝑚 = 2𝑘𝑔, force 𝐹 = 24𝑡3𝑖 + (36𝑡 − 16)𝑗 + 12𝑡𝑘 where 𝑟0 = 3𝑖 − 𝑗 + 4𝑘 and  

𝑣0 = 6𝑖 + 15𝑗 − 8𝑘  

a) From newton’s second law, 𝐹 = 𝑚𝑎  

𝑑𝑣 

𝐹 = 𝑚   

𝑑𝑡 

3𝑖 + (36𝑡 − 16)𝑗 + 12𝑡𝑘 = 2 𝑑𝑣  

24𝑡 

𝑑𝑡 

𝑑𝑣 3𝑖 + (18𝑡 − 8)𝑗 + 6𝑡𝑘 = 

12𝑡 

𝑑𝑡 

Integrating with respect to 𝑡 and calling 𝑐1, the constant of integration we have,  

∫ 𝑑𝑣 = ∫ 12𝑡3𝑖 + (18𝑡 − 8)𝑗 + 6𝑡𝑘 𝑑𝑡  

𝑣 = 3𝑡4𝑖 + (9𝑡2 − 8𝑡)𝑗 + 3𝑡2𝑘 + 𝑐1  

Since 𝑣 = 𝑣0 = 6𝑖 + 15𝑗 − 8𝑘 at 𝑡 = 0 we have,  



𝑐1 = 6𝑖 + 15𝑗 − 8𝑘  

And so, velocity  

𝑣 = 3𝑡4𝑖 + (9𝑡2 − 8𝑡)𝑗 + 3𝑡2𝑘 + 6𝑖 + 15𝑗 − 8𝑘  

𝑣 = (3𝑡4 + 6)𝑖 + (9𝑡2 − 8𝑡 + 15)𝑗 + (3𝑡2 − 8)𝑘  

𝑑𝑟 

       b)   Since, velocity 𝑣 =   

𝑑𝑡 

from part (a)  

𝑑𝑟 4 + 6)𝑖 + (9𝑡2 − 8𝑡 + 15)𝑗 + (3𝑡2 − 8)𝑘 = 

(3𝑡 

𝑑𝑡 

Integrating with respect to 𝑡 and calling 𝑐2, the constant of integration we have,  

∫ 𝑑𝑟 = ∫[(3𝑡4 + 6)𝑖 + (9𝑡2 − 8𝑡 + 15)𝑗 + (3𝑡2 − 8)𝑘]𝑑𝑡  

 
𝑟 = (  𝑡5 + 6𝑡) 𝑖 + (3𝑡3 − 4𝑡2 + 15𝑡)𝑗 + (𝑡3 − 8𝑡)𝑘 + 𝑐2  

 

Since 𝑟 = 𝑟0 = 3𝑖 − 𝑗 + 4𝑘 at 𝑡 = 0 we have,  

𝑐2 = 3𝑖 − 𝑗 + 4𝑘  

The position vector at any time 𝑡;  

 
𝑟 = (  𝑡5 + 6𝑡) 𝑖 + (3𝑡3 − 4𝑡2 + 15𝑡)𝑗 + (𝑡3 − 8𝑡)𝑘 + 3𝑖 − 𝑗 + 4𝑘  

 

 
𝑟 = (  𝑡5 + 6𝑡 + 3)𝑖 + (3𝑡3 − 4𝑡2 + 15𝑡 − 1)𝑗 + (𝑡3 − 8𝑡 + 4)𝑘  

 

  

c) Torque, Λ = 𝑟 × 𝐹  

 
Λ = [(  𝑡5 + 6𝑡 + 3) 𝑖 + (3𝑡3 − 4𝑡2 + 15𝑡 − 1)𝑗 + (𝑡3 − 8𝑡 + 4)𝑘] ×  

 

[24𝑡3𝑖 + (36𝑡 − 16)𝑗 + 12𝑡𝑘]  

 𝑖 𝑗 𝑘 



 
 = |( 𝑡5 + 6𝑡 + 3) (3𝑡3 − 4𝑡2 + 15𝑡 − 1) (𝑡3 − 8𝑡 + 4)|  

 

 24𝑡3 (36𝑡 − 16) 12𝑡 

  

𝑖[12𝑡(3𝑡3 − 4𝑡2 + 15𝑡 − 1) − (36𝑡 − 16)(𝑡3 − 8𝑡 + 4)] −  

 
𝑗 [12𝑡 ( 𝑡5 + 6𝑡 + 3) − 24𝑡3(𝑡3 − 8𝑡 + 4)] +  

 

 
𝑘 [(36𝑡 − 16)(  𝑡5 + 6𝑡 + 3) − 24𝑡3(3𝑡3 − 4𝑡2 + 15𝑡 − 1)]  

 

  

By expanding terms and groping like terms the result obtained is;  

3 + 468𝑡2 − 284𝑡 + 64)𝑖 + (84 𝑡5 − 192𝑡4 + 96𝑡3 − 72𝑡2 − 36𝑡) 𝑗  

𝑡𝑜𝑟𝑞𝑢𝑒 = (−32𝑡 

 

3 + 468𝑡2 − 284𝑡 + 64)𝑖 + (84𝑡5 − 192𝑡4 + 96𝑡3 − 72𝑡2 − 36𝑡)𝑗, as the   

(−32𝑡 torque of the particles.  

  

d) Finding the angular momentum, let 𝐿 = 𝑟 × 𝜌 , where 𝜌 = 𝑚𝑣  

⇒ 𝐿 = 𝑟 × 𝑚𝑣  

𝐿 = 𝑚(𝑟 × 𝑣), where  

 
𝑟 = (  𝑡5 + 6𝑡 + 3)𝑖 + (3𝑡3 − 4𝑡2 + 15𝑡 − 1)𝑗 + (𝑡3 − 8𝑡 + 4)𝑘  

 

And 𝑣 = (3𝑡4 + 6)𝑖 + (9𝑡2 − 8𝑡 + 15)𝑗 + (3𝑡2 − 8)𝑘  

 𝑖 𝑗 𝑘 

 
 𝐿 = |(  𝑡5 + 6𝑡 + 3) (3𝑡3 − 4𝑡2 + 15𝑡 − 1) (𝑡3 − 8𝑡 + 4)|  

 

 (3𝑡4 + 6) (9𝑡2 − 8𝑡 + 15) (3𝑡2 − 8) 

  

By expanding terms and grouping like terms the result obtained is;  



Angular moment(𝐿) =  

(−8𝑡4 + 15𝑡3 − 142𝑡2 + 64𝑡 − 104)𝑖 

 12 192 

+ (−𝑡7 −𝑡5 + 24𝑡4 − 24𝑡3 − 18𝑡2 + 96) 𝑗 

 

+ (− 36 𝑡7 + 72 𝑡6 − 72𝑡5 + 6𝑡4 + 72𝑡3 + 6𝑡2 − 48𝑡 

+ 102)𝑘 As the angular momentum of the particles  

  




